Abstract. There are many examples of 3-folds of general type with χ(O) = 1 found by Fletcher and Reid about twenty years ago. Fletcher has ever proved P 12 (X) ≥ 1 and P 24 (X) ≥ 2 for all minimal 3-folds X of general type with χ(O X ) = 1. In this paper, we improve on Fletcher's method. Our main result is that ϕ m is birational onto its image for all m ≥ 63. To prove this we will show P m ≥ 1 for all m ≥ 14 and P 2l+18 ≥ 3 for all l ≥ 0.
Introduction
To classify algebraic varieties is one of the main goals of algebraic geometry. In this paper we are concerned with the explicit algebraic geometry of complex projective 3-folds of general type.
Let V be a smooth projective 3-fold of general type. Let X be a minimal model of V . Denote by ϕ m the m-th pluricanonical map. A classic problem is to see when ϕ m is birational onto its image. Recently a remarkable theorem by Tsuji [26] , Hacon-M c Kernan [13] and Takayama [24] says that there is a universal constant r 3 such that ϕ m is birational for all m ≥ r 3 and for arbitrary 3-folds of general type. A very new result by J. A. Chen and the first author in [5] shows that one may take r 3 = 77.
There have been some concrete known bounds on r 3 already. For example, r 3 ≤ 5 (sharp) if X is Gorenstein by J. A. Chen, M. Chen, D.-Q. Zhang [4] ; r 3 ≤ 8 (sharp) if either q(X) > 0 by J. A. Chen, C. D. Hacon [3] or p g (X) ≥ 2 by M. Chen [6] ; r 3 ≤ 14 (sharp) if χ(O X ) ≤ 0 by M. Chen, K. Zuo [9] . It is natural to study a 3-fold with χ(O) ≥ 1.
First we treat a general 3-fold and prove the following: Theorem 1.1 has improved Kollár's Corollary 4.8 in [17] and Theorem 0.1 of [8] .
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In the second part we prove the following: Theorem 1.2. Let V be a nonsingular projective 3-fold of general type with χ(O V ) = 1. Then (i) P m (V ) := h 0 (V, mK V ) > 0 for all m ≥ 14; (ii) P 18+2l (V ) ≥ 3 for all integer l ≥ 0; (iii) ϕ m is birational onto its image for all m ≥ 63. Theorem 1.2 has improved Iano-Fletcher's results in [11] . Throughout our paper the symbol ≡ stands for the numerical equivalence of divisors, whereas ∼ denotes the linear equivalence and = Q denotes the Q-linear equivalence.
Pluricanonical systems
In this section we are going to treat a general 3-fold of general type. By the 3-dimensional MMP (see [18, 14, 20] for instance) we may consider a minimal 3-fold X of general type with Q-factorial terminal singularities.
Assumption.
Assume that, on a smooth model V 0 of X, there is an effective divisor Γ ≤ m 1 K V 0 with n Γ := h 0 (V 0 , O V 0 (Γ)) ≥ 2. Naturally P m 1 ≥ 2. We would like to study the rational map ϕ |Γ| . A very special situation is Γ = m 1 K V 0 , meanwhile ϕ |Γ| is nothing but the m 1 -canonical map.
Set up.
First we fix an effective Weil divisor K m 1 ∼ m 1 K X . Take successive blow-ups π : X ′ → X (along nonsingular centers), which exists by Hironaka's big theorem, such that:
(i) X ′ is smooth; (ii) there is a birational morphism π Γ : X ′ → V 0 ; (iii) the movable part M Γ of |π * Γ (Γ)| is base point free; (iii) the support of π * (K m 1 ) ∪ π * Γ (Γ) is of simple normal crossings. Denote by g the composition 
?
Denote by M k the movable part of |kK X ′ | for any positive integer k > 0. We may write 
Then the inequality mξ ≥ 2g(C) − 2 + α 0 (where g(C) is the geometric genus of C) holds under the assumptions (1) and (2) below. Furthermore ϕ m of X is birational onto its image under the assumptions (1), (2) ′ , (3) and (4) below. Assumptions, for a positive integer m: (1) There is a rational number β > 0 such that π * (K X )| S − βC is numerically equivalent to an effective Q-divisor; and set α :
The linear system |mK X ′ || S on S (as a sub-linear system of |mK X ′ | S |) separates different generic irreducible elements of |G|. Or sufficiently, the complete linear system
Proof. We first prove the birationality of ϕ m . Condition (3) says that the linear system |mK X ′ | separates different irreducible elements of |M Γ |. By the birationality principle (P1) and (P2) of [7] , it is sufficient to prove that the linear system |mK X ′ || S gives a birational map on a generic irreducible element S of |M Γ |. Condition (4) says that |mK X ′ || S on S separates different generic irreducible elements of |G|. Again by the birationality principle it suffices to prove the birationality of Φ |mK X ′ | | C where C is a generic irreducible element of |G|. In fact, we consider a smaller linear system than |mK X ′ |. we consider the sub-system
Proof. Recall that we have p = 1.
Take an integer m ≥ m 0 + m 1 . Since mK X ′ ≥ M Γ and that |M Γ | is not composed with a pencil, |mK X ′ | can separate different S. Theorem 2.4(3) is satisfied. On the surface S, we take G := S| S . Then |G| is not composed of a pencil. Since we have
the exact sequence (B1) shows that Theorem 2.4(4) is satisfied. Because m 1 π * (K X )| S ≥ C where C ∈ |G| is a general member, we can take β = 1 m 1 . So Theorem 2.4(1) is satisfied. On a generic irreducible element S of |M Γ |, we have a linear system |G| which is not composed of a pencil and is base point free. So
If we take a sufficiently big m, then (m − 1 − Proof. Recall that we have p = 1. Take an integer m ≥ m 0 +2m 1 . Since mK X ′ ≥ M Γ and that |M Γ | is not composed with a pencil, |mK X ′ | can separate different S. Theorem 2.4(3) is satisfied. On the surface S, we take G := S| S . Different from the case d = 3, |G| is composed with a pencil of curves. If |G| is composed of a rational pencil, then since we have 
is nef and big, where C 1 and C 2 are different generic irreducible elements of |G|. Thus the Kawamata-Viehweg vanishing theorem ( [15, 27] ) gives the surjective map:
Because (1) is satisfied. On a generic irreducible element S of |M Γ |, we have a linear system |G| which is composed of a pencil of curves. Because g(C) ≥ 2, one has
If we take a sufficiently big m, then (m − 1 −
. Take m = 4m 1 + 2. Then α ≥ ; Assume m 1 ≥ 18 and take m ≥ 4m 1 − 9. Then α > 2. In a word, we have seen that ϕ m is birational whenever
Now we begin to study the case d = 1. Though similar lemmas has already been established in several papers of the first author, we include a more general one here for the convenience to future applications. 
is the blow down onto the smooth minimal model.
Proof. We shall use the idea of Lemma 14 in Kawamata's paper [16] . By Shokurov's theorem in [23] , each fiber of π :
one knows that G is a projective variety. Let g 1 : G −→ X and g 2 : G −→ B be two projections. Since g 1 is a projective morphism and even a bijective map, g 1 must be both a finite morphism of degree 1 and a birational morphism. Since X is normal, g 1 must be an isomorphism. So f factors as f 1 • π where
: X → B is a well defined morphisms. In particular, a general fiber F 0 of f 1 must be smooth minimal. So it is clear that π
The following lemma shows a way to find a suitable β in Theorem 2.4. We admit that it has already appeared as a weaker form in several papers of the first author.
Lemma 2.8. Let X be a minimal projective 3-fold of general type with Q-factorial terminal singularities. Assume that, on a smooth
for any big integer t 0 . For any positive integer k, denote by M k the movable part of |kK X ′ |. Note that f * ω t 0 p X ′ /B is generated by global sections since it is semipositive according to E. Viehweg ([28] ). So any local section can be extended to a global one. On the other hand, |t 0 pσ * (K F 0 )| is base point free and is exactly the movable part of |t 0 pK F | by Bombieri [2] . Set a 0 := t 0 p + 2t 0 m 1 and b 0 := t 0 p. Clearly one has the following relation:
This means that there is an effective
Assume that we have defined a n and b n such that the following is satisfied with l = n :
We will define a n+1 and b n+1 inductively such that the above inequality is satisfied with l = n + 1. One may assume from the beginning that a n π * (K X ) is supported on a divisor with normal crossings. Then the Kawamata-Viehweg vanishing theorem implies the surjective map
One has the relation
. We modify our original π such that |M ′ an+1 | is base point free. In particular, M ′ an+1 is nef. Since X is of general type |mK X | gives a birational map whenever m is big enough. Thus we see that M ′ an+1 is big if we fix a very big t 0 in advance. Now the Kawamata-Viehweg vanishing theorem again gives
We may repeat the above procedure inductively. Denote by M ′ an+t the movable part of
For the same reason, we may assume |M ′ an+t | to be base point free. Inductively one has:
Applying the vanishing theorem once more, we have
Take t = p − 1. Noting that 
Here we set a n+1 := a n + p + m 1 and
The case p = 1 can be proved similarly, but with a simpler induction. We omit the details. (
Proof. One has an induced fibration f :
is nef and big, the Kawamata-Viehweg vanishing theorem ( [15, 27] ) gives a surjective map:
The last two groups are non-zero because, for instance,
and so can |mK X ′ |. The vanishing theorem gives another surjective map: 
Since f * ω 2 X ′ /B is semi-positive by Viehweg [28] and thus generated by global sections, one has
In a word, Theorem 2.4 (3) and (4) are satisfied for all m ≥ m 0 +4m 1 +2. Take a β, nearby
, by virtue of Lemma 2.8. If |G| is composed with a pencil of curves and g(C) = 2, then σ * (K F 0 )·C ≥ 2 by Lemma 2.10. This gives ξ ≥
by Lemma 2.8. Take m ≥ 5m 1 + 3. Then α ≥ 2 + Otherwise |G| is composed with a pencil of curves and g(C) ≥ 3 or |G| is not composed of a pencil of curves. In the later case, after a necessary birational modification to get the base point freeness of |G|, one sees that 2g(C) − 2 = K S · C + C 2 ≥ 4. Again g(C) ≥ 3. If we take a very large m such that α is big enough, then Theorem 2.4 gives
. Take m ≥ 5m 1 + 4. Then α ≥ 2 + 2m 1 −2 3m 1 +3 > 2 whenever m 1 > 1. Therefore Theorem 2.4 says that ϕ m is birational for all m ≥ max{m 0 + 4m 1 + 4, 5m 1 + 4} and for m 1 > 1. The same statement for the situation m 1 = 1 was proved in [6] .
When m 1 is big, one can get better bound of m. For example, when m 1 ≥ 14, one sees that ϕ m is birational for all m ≥ max{m 0 + 4m 1 + 2, 5m 1 − 2}. Case 3. n Γ ≥ 3. This is more or less parallel to Case 2. But since n Γ is bigger, we hope to deduce a better result on the birationality of ϕ m . The case with b > 0 follows from Case 1. So we may still assume b = g(B) = 0.
Suppose m ≥ m 0 + 2m 1 + 2. Consider the linear system
and |M Γ | is composed with a rational pencil, |mK X ′ | can separate different generic irreducible elements of |M Γ |. Theorem 2.4 (3) is satisfied. We still take G to be the movable part of |2σ * (K F 0 )|. Let C be a generic irreducible element of |G|. Similar to the situation in Case 2, it suffices to show |mK X ′ || F ⊃ |G| in order to verify Theorem 2.4(4). In fact, one has O B (2) ֒→ f * ω m 1 X ′ since n Γ ≥ 3. Thus there is the inclusion:
Since f * ω 2 X ′ /B is semi-positive (= weakly positive) by Viehweg [28] and thus generated by global sections, one has
In a word, Theorem 2.4 (3) and (4) Otherwise either |G| is composed with a pencil of curves and g(C) ≥ 3 or |G| is not composed of a pencil of curves. In the later case, after a necessary birational modification to get the base point freeness of |G|, one sees that 2g(C) − 2 = K S · C + C 2 ≥ 4. Again g(C) ≥ 3. If we take a very large m such that α is big enough, then Theorem 2.4 gives
. Take m ≥ 3m 1 + 4. Then α ≥ 2 + 
Proof. Set C = σ * (C). Clearly h 0 (S 0 , C) ≥ h 0 (S, C). Thus C moves in a family. Because |C| is the movable part of |2K S |, |C| must be the movable part of |2K S 0 | since P 2 (S) = P 2 (S 0 ). We can write 2K S 0 ∼ C + Z where Z is the fixed part.
If C 2 = 0, then C must be smooth and σ
If C 2 > 0 and
According to Bombieri [2] or [1] , |3K S 0 | gives a birational map. So ϕ 3 | C is birational for a general C. Because Z ≡ K S 0 is nef and big, one has H 1 (S 0 , K S 0 + Z) = 0 by the vanishing theorem. So there is the following surjective map:
Since Z is effective and
Thus the linear system |K C + Z| C | can only give a finite map onto P 1 , a contradiction. 3. Plurigenera of 3-folds of general type with χ = 1 First let us recall Reid's plurigenus formula (at page 413 of [21] ) for a minimal 3-fold X of general type:
where m > 1 is an integer, the correction term
where the sum Q runs through all baskets Q of singularities of type 1 r (a, −a, 1) with the positive integer a coprime to r, 0 < a < r, 0 < b < r, ab ≡ 1 (mod r), bj the smallest residue of bj mod r. Reid's result (Theorem 10.2 in [21] ) says that the above baskets {Q} of singularities are in fact virtual (!) and that one need not worry about the authentic type of all those terminal singularities on X, though X may have nonquotient terminal singularities. Iano-Fletcher ( [12] ) has showed that the set of baskets {Q} in Reid's formula is uniquely determined by X. (1, −1, 1). ],
Lemma 3.2. [11, lemma 3.2] For positive integers
] denotes the integral part of ],
3.5. Assumption. From now on within this section we assume X to be a minimal projective 3-fold of general type with only Q-factorial terminal singularities and with χ(O X ) = 1.
Proof. Since (2)) which implies P 4 (X) ≥ 6K 3 X + 1. So one has P 4 (X) ≥ 2. Assume P 2n (X) ≥ n for any integer n ≥ 2. One has
where k > 0 and l(2n + 2) − l(2n) − l(2) ≥ 0 by Lemma 3.1. Thus P 2n+2 (X) ≥ n + kK 3 X > n which implies P 2n+2 (X) ≥ n + 1. The first assertion is proved. Now we study P 2n+1 (X). Similarly one has
So P 5 (X) ≥ P 3 (X) + 12K 3 X which says P 5 (X) ≥ 1. Assume that P 2n+1 (X) ≥ n − 1 for a number n ≥ 2. Then a calculation gives:
where t > 0. Thus P 2n+3 (X) ≥ n. We are done. Proof. If X contains a virtue basket Q with index r(Q) = r ≥ 37, Lemma 3.1, Lemma 3.2 and Lemma 3.3 give
If X contains a virtue basket Q with index r ∈ [28, 36], one can verify l(Q, 18) > 37 case by case. So P 18 (X) > 2. Alternatively, one may apply the property of the polynomial y = x(r − x) to greatly simply the calculation. 
Proof. If P 2 (X) ≥ 1, then Proposition 3.6 implies P 18 (X) ≥ 9. Assume P 2 (X) = 0 from now on. Proposition 3.7 tells that we may even assume the index r(Q) ≤ 27 for all virtue basket Q of X. This makes it possible for us to study within limited possibilities. The table in the last part lists all possible types of Q with index ≤ 27.
Step 1. P 18 (X) ≥ 1. To the contrary, assume P 18 = 0. Then P 3 (X) = P 6 (X) = P 9 (X) = 0. For a positive integer n, set
One has
Set F to be the matrix:
Since P 3 (X) = P 6 (X) = P 9 (X) = P 2 (X) = 0, we get (10, 34, 9, 14) .
On the other hand, for any basket Q, we can formally compute ∆ i (Q) for any positive integer i. So one gets ∇ j (Q) for j = 1, · · · , 4. Taking the product with the matrix F , one even gets ∇ (7, −7, 1). For each case, one gets l(2) = 3 which means K 3 X = 0 a contradiction to X being of general type. Therefore P 18 (X) ≥ 1.
Step 2. P 18 (X) ≥ 2. Similarly we assume P 18 = 1. Then there are 5 possibilities:
(a) P 3 (X) = P 6 (X) = P 9 (X) = 0; (b) P 3 (X) = P 9 (X) = 0, and P 6 (X) = 1; (c) P 3 (X) = P 6 (X) = 0, and P 9 (X) = 1; (d) P 3 (X) = P 6 (X) = P 9 (X) = 1; (e) P 3 (X) = 0 and P 6 (X) = P 9 (X) = 1. In the case (a), one has (10, 34, 9, 13) .
Searching with a computer, one finds that the only possible combination of baskets Q of X is: (iv) 5 of type (3, 2, 1) . A calculation shows l(2) = 3. Then K 3 X = 0 which contradicts to X being of general type.
In the case (b) through (e), one has, respectively: (10, 33, 13, 17) , (10, 34, 8, 21) , (9, 45, 9, 18) , (10, 33, 12, 25) . Clearly one obtains K 3 X ≤ 0, a contradiction to X being of general type. Therefore P 18 (X) ≥ 2.
Step 3. P 18 (X) ≥ 3. Assume P 18 (X) = 2. There are still five possibilities (a) through (e) as listed above for P 3 (X), P 6 (X) and P 9 (X). Then one gets corresponding datum as follows: (10, 34, 9, 12) , (10, 33, 13, 16) , (10, 34, 8, 20) (9, 45, 9, 17), (10, 33, 12, 24) .
Still searching with a computer, one gets possible combinations of baskets Q of X: (viii) (Case a) 2 of type For the situation (viii), one obtains P 2 (X) = P 3 (X) = P 4 (X) = · · · = P 11 (X) = 0, P 12 (X) = 1, P 13 (X) = 0, P 14 (X) = P 15 (X) = P 16 (X) = P 17 (X) = 1, P 18 (X) = P 19 (X) = 2, P 20 (X) = P 21 (X) = 3.
Claim. Situation (viii) doesn't exist.
Proof. According to Reid (see (10. 3) of [21] ), one has
where c 2 (X) is defined via the intersection theory by taking a resolution of singularities over X. Miyaoka (Corollary 6.7 of [19] ) says K X · c 2 (X) ≥ 0. Thus one sees the inequality
Now since the datum of (viii) doesn't fit into the above inequality, situation (viii) doesn't exist at all.
For other situations (ix) through (xi), one gets l(2) = 3. Thus K 3 X = 0 which is impossible.
In a word, we have proved P 18 (X) ≥ 3.
Step 4. P 18+2l (X) ≥ 3 for all l ≥ 0. Since
where q > 0. So P 20 (X) ≥ P 18 (X) ≥ 3. Assume P 18+2k ≥ 3 for any integer k ≥ 1. One has
where q 1 , q 2 , q 3 > 0 and l(2k + 20) − l(2k + 18) − l(2) ≥ 0 by Lemma 3.1. Thus P 2k+20 (X) ≥ 2 + qK 3 X > 2 which implies P 2k+20 (X) ≥ 3. We are done. Proof. First we show P 2n (X) ≥ 1 for all n ≥ 7. In fact, P 14 (X) − P 12 (X) − P 2 (X) > −1 + l(14) − l(12) − l(2) and P 12 (X) ≥ 1 by Fletcher [11] . Thus P 14 (X) ≥ 1. Assume that P 2n (X) ≥ 1 for some n ≥ 7. Then P 2n+2 (X)−P 2n (X)−P 2 (X) > −1+l(2n+2)−l(2n)−l(2) which implies P 2n+2 (X) > P 2n (X) − 1 ≥ 0.
Next we assume P 15 (X) ≥ 1. With a similar method, one can see
Now we consider what happens when P 15 (X) = 0. Clearly P 3 (X) = P 5 (X) = 0. By Proposition 3.6, we may assume P 2 (X) = 0.
Clearly we have Remark 3.11. Almost one year after the first version of this paper was put to arXiv, Yongnam Lee informed us of the relevant paper [22] . We admit that the effectivity of Miyaoka-Reid inequality (see the proof of Claim) was first observed in [22] . In fact, one may take m 0 = 6 and m 1 = 10 by virtue of [22] . Thus Theorem 1.1 imply the following: 
